PolyFlow, a software package based on the finite element method was employed to simulate the extrudate swell for polybutadiene of various molecular weight (M w ) and molecular weight distribution (MWD). We calculated the relaxation spectra for the different samples and then inserted the spectra into a standard K-BKZ constitutive model used in the numerical simulations. Accurate predictions of MWD confirm the completeness of frequency range in the oscillatory shear experimental data. In turn, the wholeness of relaxation spectra as substantiated by MWD predictions, sustain the level of confidence when using constitutive models based on these spectra. We demonstrate the importance of using the full range of relaxation spectrum rather than a short range around typical shear rates for the accuracy of the numerical predictions. We found extrudate swell ratio (ESR) to be strongly dependent on MWD and stress conditions at the die exit. 
INTRODUCTION
Extrusion is one of the major processing methods in the polymer industry. Polymeric materials when extruded are commonly found to have larger dimensions than the die. This phenomenon is known as die swell or extrudate swell. Extrudate swell in polymers is a complex combination of hydrodynamic boundary conditions at the die and bulk viscoelastic properties of the polymers. The bulk viscoelastic properties of polymers are ultimately determined by their structure, which in turn can be characterized through weight average molecular weight (M w ), molecular weight distribution (MWD), and the amount of long chain branching (LCB). On the other hand, viscoelastic material properties control flow behavior and dictate extrudate swell demeanor.
Extrudate swell has been extensively investigated in experiments [1 -9] as well as through numerical simulations [10 -27] . Since a systematic change in rheological behavior is rather difficult to obtain even in well-controlled experiments [4 -6, 28, 29] , numerical simulations appear to be the method of choice under certain circumstances. However a detailed study of the relationships between molecular parameters, rheological behavior and expected extrudate swell is still lacking.
Koopmans [4 -] carried out a series of extensive investigations into the characteristics of extrudate swell using high-density polyethylene. His results indicate that molecular structure, and in particular long chain branching, plays a vital role in the observed die swell behavior. He concluded also that extrudate swell is a function of time, and that the maximum swell is highly dependent on the molecular weight distribution of the polymer. On the other hand, Yang et al. [8] did comprehensive studies on extrudate swell behavior of high-density and linear low-density polyethylene. They reported that the elusive apparent molecular weight dependence of the transient extrudate swell ratio arises from the different molecular relaxation rates. Giving polyethylene of similar M w , the extrudate swell varies strongly with the detailed features of the MWD. The effect of molecular structure on the rheology of high-density polyethylene, was also studied by Ariawan et al. [28] . It has been documented that tails in the high-or low-end regions of the MWD can result in significantly different rheological and processing behaviors.
The current study aims to examine simulated extrudate swell behavior as influenced by the constitutive equation parameters, reflecting intrinsically, its dependence on molecular weight and molecular weight distribution. One of the main objectives of this work is to be able to provide not only numerical results of extrudate swell but also elucidate the effect of molecular structure on extrudate swell. We will also illustrate the benefits of using a molecular weight distribution (MWD) calculation routine in determining a reliable constitutive model for simulations. Our studies allow us to optimize relaxation spectra, obtained from oscillatory shear experiments by comparing calculated MWD with that from sizeexcluded chromatography.
MATERIALS
Three relatively monodisperse polybutadiene samples were used. Their molecular characteristics are described in Table 1 . To demonstrate the model ability to differentiate bi-modal distributions of MWD, we also studied two binary blends. One is 75% by weight of 400K with 25% of 50K (75% 400K). The other is 30% by weight of 400K and 70% of 50K (30% 400K). Rheological data for all the samples were obtained using a Rheometrics RMS-800 system. Oscillatory shear master curves were measured based on a time-temperature superposition with a reference temperature of 50∞C. These data were processed to obtain the relaxation spectra using the Tikhonov regularization method [30] . Details on determining the relaxation spectra can be found elsewhere [31] . Calculated relaxation spectra are shown in 
The time constant t is related to the molecular weight through the above relation. The exponent a is typically around 3.4 and the constant K depends on the precise chemical structure of the polymer and temperature. An approximate analytical relationship is used to determine the polymer molecular weight distribution described by the relaxation spectrum [33, 34] . The relationship is:
Parameter a is the same as in Eq. 1 and G ent is essentially a relaxation spectrum with regard to the molecular weight, m. In our study the range of M W is directly related to the range of frequencies in the dynamic moduli spectrum. For example, the high molecular weight limit to the solution of Eq. 2 is estimated in terms of convenient parameters by:
The molecular weight corresponding to the high frequency end of the data is similarly
where M c is the critical molecular weight in the common h 0 (M) relation. Calculated molecular weight distributions derived from relaxation spectra obtained using dynamic moduli data are compared with data from size excluded chromatography and are shown in Figs. 1 and 2. We encountered convergence difficulties in the numerical simulations when using a higher than 7 number of relaxation modes (in PolyFlow, a maximum of eight relaxation modes is allowed). Therefore we selected only seven relaxation modes in the numerical simulations covering the whole range of polymer molecular weight. We can see that for the 400K and binary mixtures samples spreads of relaxation modes are larger than one decade apart. Models fitting of these samples are slightly poorer than those of 50K and 200K.
SIMULATIONS
We used the commercial package PolyFlow in our simulations. For an incompressible fluid under isothermal, laminar flow conditions, the field equations read: 
where v is the velocity vector, t is the stress tensor, and p is the scalar pressure. Polymer rheological behavior was modeled using a K-BKZ model with an irreversible Wagner damping function. Several studies found that multi-modes integral type constitutive equations are better suited for describing viscoelastic behavior of polymeric liquids [35] . Moreover, the integral constitutive equation of the K-BKZ type was found to adequately predict experimental data of extrudate swell [18, 19, 25, 26] as well as other viscoelastic flow phenomena [23, 24, 35] . The stress tensor t is defined as
The kernel function m(t') takes the usual form (8) where the values of G i and of l i are given by the relaxation spectrum obtained from oscillatory shear data. C t (t-t') stands for the right CauchyGreen relative strain tensor. The damping function h is a function of the invariants I 1 and I 2 of C t (t-t') defined as follows,
We use a generalized strain invariant [18] ,
In simple shear flow, I 1 , I 2 and thus I are identical. The Wagner damping function has an exponential form (11) where n is a material coefficient. Thus, using the relaxation spectrum, we need to specify only two material parameters (n, b) for fully characteriz- In simple shear, the n parameter, which contains information on the polymer non-linear viscoelastic properties, can be obtained using (12) We used the Cox-Merz rule to arrive at h(g · ) from the oscillatory shear data. However, information is missing for the selection of the parameter b. It was shown that a small value of b enhances extensional viscosity effects while a higher value accelerates the decrease of the damping function in extensional flows. Theoretically, parameters n and b should remain unchanged while changing only M w . In contrast, by increasing polydispersity, both parameters will change. Adding high molecular weight molecules and hence increasing polydispersity, Ariawan found that extensional viscosity greatly increases [28] . These findings were intuitively in agreement with the experimental results by Yang et al. [8] , and simulation results by Goublomme et al. [18] . In short, increasing polydispersity by increasing the high molecular weight tail will increase extensional viscosity, which in turn will lower n and b, thus increasing extrudate swell. However the change in b with polydispersity is very small [18] and therefore we have selected a constant value for b (0.3) in all our simulations. Details on the iterative procedure and convergence strategy can be found elsewhere [18] . Simulations are done under isothermal conditions for an incompressible fluid and neglecting inertia and body forces. No-slip boundary conditions were applied. We considered the axisymmetric problem for a 2 millimeters diameter die of 30 millimeters length (L/D = 15). With a die of this length, upstream sections of the channel do not affect the final shape of the extrudate. The central portion of the mesh is shown in Fig. 3 . We have done extensive studies on mesh design refinement. It is well known that the continuum flow at sharp converging and diverging corners generates singularly strong stress fields. In numerical simulations [36] , a stress divergence is encountered as the fluid models are forced to describe flow behavior on infinitesimal length scales where the continuum description no longer applies. Flow birefringence reveals that the stress in the exit region is larger than in the die inland [23, 24] . We found that the calculated stress level is extremely sensitive to mesh density near the die lip. Fortunately, extrudate swell ratio results are only slightly different even though the stress levels captured are vastly different. To be able to describe accurately the stress condition around the die lip, one needs to apply more rigorous numerical methods to cope with this singularity [37, 38] . Because of this limitation, it is very difficult to compare quantitatively simulation results with experimental data even for equilibrium extrudate cross-sections. Nevertheless, a relative comparison between different materials can still be carried out. In this research, we used the highest mesh density around the die lip that can numerically converge.
We constructed flow curves and selected two flow rates corresponding to wall shear stresses of 0.155 MPa and 0.205 MPa respectively. These values were selected to avoid any extrudate distortion. Resulting flow rates ranging from 0.05 to 50 mm 3 /s were used to simulate samples of different molecular weight. Typical simulation results are shown in Figs. 4 and 5. Extrudate swell ratio (ESR) is the ratio between extrudate diameter and die diameter.
The numerical results presented in this work are steady-state results. On the other hand, extrudate swell is intrinsically a complex time dependent phenomenon. Experiments performed under isothermal conditions show that the extrudate exiting the die grows with time until reaching an equilibrium value [5, 8] . Thus the results presented here, depict only qualitatively the change in shape of the extrudate upon exiting the die and up to reaching the equilibrium state. Comparison between the numerical results and the experimental data are valid only for the "true" equilibrium values. Otherwise stated, only the final extrudate cross-section in an experiment (equilibrium value) should be compared with the extrudate swell ratio in the plateau region of the numerical simulations.
RESULTS AND DISCUSSIONS
We have demonstrated a close relationship between relaxation spectra and sample molecular structure and want to investigate its possible effect on the simulation results. To illustrate this point, Fig. 6 shows differences brought about by using relaxation spectra of the same polymer but covering different parts along the molecular weight axis of the MWD curve. When using the full relaxation spectrum in the K-BKZ model we obtain higher values for the extrudate swell ratio by comparison with the results obtained when trimming the relaxation spectrum at either the low or high end. The number of relaxation times was kept constant in all the simulations. In general, researchers used only experimentally available dynamic moduli data around the typical shear rate region (in this case the shear rate at the die wall) to construct material relaxation spectra [18, 19, 25, 26, 39] .
The rule of thumb frequently used is to cover a range of frequencies around typical shear rates encountered in the flow. However when
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Applied Rheology September/October 2002 as the 400K sample. We used the "artificial" 50K spectrum in simulating the extrudate swell ratio. The results are shown in Fig. 11 in comparison with the results for the original 50K and 400K samples. The extrudate swell ratios for the 400K and "artificial" 50K samples are similar. The differences reflect limitations in our numerical simulations with respect to the mesh refinement at the die lip and the maximum number of relaxation modes (7) we can use in our model. For the 400K sample, the limited number of relaxation modes used does not allow for an optimized fitting of the data over 9 decades of relaxation times. Also, the stress singularity at the die exit is much better captured in the case of the low molecular weight material (50K).
To illustrate the importance of stress concentration around the small exit region, Fig. 12 simulating complex problems, such as extrudate swell, this rule may not apply. Inside the die the material experiences shear rates of the order of the shear rate at the wall, whereas upon exiting the die the shear rate/stress experienced is orders of magnitude higher (Fig. 7) . Thus when simulating extrudate swell it is important to consider relaxation spectra covering the whole range of MWD. Studies [8, 18] have shown that the ESR is larger when the level of stress is higher (higher flow rate / shear rate). Results of extrudate swell ratio are presented in Fig. 8 for the case of 75% 400K comparing between wall stress levels of 0.16MPa and 0.20 MPa.
The influence of M w on extrudate swell is shown in Fig. 9 . It is interesting to note that we obtain similar results for all three materials. The small differences have their origin in differences between the polydispersity of these materials. Indeed in Fig. 10 , the effect of polydispersity on ESR is illustrated, showing strong dependence on MWD. Similar results were obtained in experiments using polyethylene [4 -6, 8, 28] .
Yang [8] first proposed to express the extrudate swell ratio for materials with different molecular weights using normalized times, i.e. exiting times normalized using the material relaxation time. We used a similar concept and employed the 400K sample spectrum shifted along the relaxation time axis to build a spectrum for a 50K sample of similar polydispersity shows ESR results obtained using the same polybutadiene sample and identical flow rate conditions. The difference is in the boundary condition at die exit. This result illustrates that the stress singularity at the die exit region highly influences the extrudate swell. Partial slip conditions at exit region reduce extrudate swell significantly. Similar findings have been reported before [8, 40] .
CONCLUSIONS
In this work we analyzed the effect of constitutive equation parameters as linked to sample molecular weight and molecular weight distribution on the extrudate swell simulation results. Molecular parameters affect the relaxation spectra for the different samples used in this study, which in turn alter the extrudate swell results. Accuracy in the calculated MWD strengthens our level of confidence in the frequency range completeness for the oscillatory shear experimental data used in the calculation. On the other hand, the breadth of relaxation spectra as substantiated by MWD calculations, augment our level of confidence in using constitutive models based on such spectra.
We found the extrudate swell ratio to be strongly affected by the sample polydispersity. The major limitations in our current numerical results are primarily related to mesh refinement in the region of stress singularity at die exit and the number of relaxation modes in relaxation spectra especially for high molecular weight samples. In spite of these limitations, the results clearly illustrate the strong dependence of extrudate swell ratio on the sample molecular weight distribution. The results also reiterate the importance of using the full spectrum of relaxation times for a given sample rather than a limited spectrum around a characteristic shear rate for the experiment. 
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